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� ©
�!(10©) �f(x, y) =


xy2

x2 + y6
, x2 + y2 6= 0,

0, x2 + y2 = 0,
¯¼êf(x, y)3R2þ´ÄëYºy²\�(

Ø.

) ¼êf(x, y)3R2þØëY. y²Xe. �(x, y)÷�Ô�x = y2ªu(0, 0)�§k

f(x, y) =
xy2

x2 + y6
=

y4

y4 + y6
=

1

1 + y2
→ 1.

�lim
x→0
y→0

f(x, y) 6= 0 = f(0, 0). Ïd§¼êf(x, y)3:(0, 0)?ØëY§l
f(x, y)3R2þØëY.

� © �!(12©) �Ñ¼êf(x, y) = xy3:(1, 1)?����VÐmª.

) �x > 0�y > 0�§kf ′x(x, y) = yxy−1, f ′y(x, y) = xy lnx, f ′′xx(x, y) = y(y − 1)xy−2, f ′′xy(x, y) =

f ′′yx(x, y) = xy−1 + yxy−1 lnx, f ′′yy(x, y) = xy ln2 x. u´f(1, 1) = 1, f ′x(1, 1) = 1, f ′y(1, 1) = 0, f ′′xx(1, 1) = 0,
f ′′xy(1, 1) = f ′′yx(1, 1) = 1, f ′′yy(1, 1) = 0, �¼êf(x, y) = xy3:(1, 1)?����VÐmª�

f(x, y) = 1 + (x− 1) +
1

2
· 2(x− 1)(y − 1) + o

(
(x− 1)2 + (y − 1)2

)
= 1 + (x− 1) + (x− 1)(y − 1) + o

(
(x− 1)2 + (y − 1)2

)
.
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∫ x

ln 2

dt√
et − 1

=
π

6
, ¦¢êx��.

) -u =
√
et − 1, Kt = ln(u2 + 1), l
dt =

2udu

u2 + 1
. Ïd§k

∫ x

ln 2

dt√
et − 1

=

∫ √ex−1
1

2udu
u2+1

u
= 2

∫ √ex−1
1

du

u2 + 1

= 2 arctanu

∣∣∣∣
√
ex−1

1

= 2
(
arctan

√
ex − 1− π

4

)
.

d

∫ x

ln 2

dt√
et − 1

=
π

6
�2

(
arctan

√
ex − 1− π

4

)
=

π

6
, �arctan

√
ex − 1 =

π

3
, u´

√
ex − 1 =

√
3, )�x =

2 ln 2.

� © o!(12©) �
→
n= (A,B,C)(Ù¥C < 0)´­¡z = x2 + y23:P (1, 1, 2)?���{�þ§¦¼

êf(x, y, z) =
√

2x2 + 2y2 + 3z23:P?÷
→
n����ê

∂f

∂
→
n
(P ).

) Pg(x, y, z) = x2 + y2 − z, K∇g(x, y, z) = (2x, 2y,−1), l
∇g(1, 1, 2) = (2, 2,−1). Ïd§d→n=
(A,B,C)(Ù¥C < 0)´­¡z = x2 + y23:P (1, 1, 2)?���{�þ�

A

2
=
B

2
=

C

−1
, u´÷

→
n�ü �

��þ�
→
l=

(
2

3
,
2

3
,−1

3

)
. df(x, y, z) =

√
2x2 + 2y2 + 3z2�

∇f(x, y, z) =

(
2x√

2x2 + 2y2 + 3z2
,

2y√
2x2 + 2y2 + 3z2

,
3z√

2x2 + 2y2 + 3z2

)
,

Ù¥(x, y, z) 6= (0, 0, 0). �∇f(1, 1, 2) =
(
1

2
,
1

2
,
3

2

)
, l


∂f

∂
→
n
(P ) =

〈
∇f(P ),

→
l
〉
=

1

2
· 2
3
+

1

2
· 2
3
+

3

2
·
(
−1

3

)
=

1

6
.

1 2 � � 6 �



êÆ�ÆÆ�Ë(�2018 — 2019Æc1�ÆÏ/êÆ©Û0Ï"�ÁÁò(Aò)

ú v «
� ©

Ê!(10©) �z = z(x, y)�d�§|


x = eu cos v,

y = eu sin v,

z = uv

(½�Û¼ê, ¦��©dz.

) éx, y, z¦�©§� 
dx = eu cos vdu− eu sin vdv,

dy = eu sin vdu+ eu cos vdv,

z = vdu+ udv.

dcü��ª)�du = e−u(cos vdx+ sin vdy), dv = e−u(− sin vdx+ cos vdy), u´

dz = vdu+ udv = e−u [(v cos v − u sin v)dx+ (v sin v + u cos v)dy] .

� © 8!(12©) �P´²¡3x − 2z = 0þ�Ä:§A(1, 1, 1), B(2, 3, 4), ¦|PA|2 + |PB|2�����
�:P��I.

) �P (x, y, z), -f(x, y, z) = (x − 1)2 + (y − 1)2 + (z − 1)2 + (x − 2)2 + (y − 3)2 + (z − 4)2 = 2x2 +
2y2 + 2z2 − 6x− 8y − 10z + 32, g(x, y, z) = 3x− 2z, K�|PA|2 + |PB|2������§:P´f(x, y, z)3^
�g(x, y, z) = 0e�^�4��:. -L(x, y, z) = f(x, y, z) + λg(x, y, z), d.�KF¦f{��§|:

4x− 6 + 3λ = 0,

4y − 8 = 0,

4z − 10− 2λ = 0,

3x− 2z = 0.

d12��§�y = 2, d13�Ú14��§��z, �3x − 5 − λ = 0, 2�11��§éá§)�x =
21

13
, l


z =
63

26
. Ïd§f(x, y, z)3^�g(x, y, z) = 0ek���^�4�:

(
21

13
, 2,

63

26

)
. ��|PA|2 + |PB|2��

����§:P��I�

(
21

13
, 2,

63

26

)
.

1 3 � � 6 �



êÆ�ÆÆ�Ë(�2018 — 2019Æc1�ÆÏ/êÆ©Û0Ï"�ÁÁò(Aò)

ú v «
� © Ô!(12©) 3gCþÚÏCþ�C�e, òz = z(x, y)��§C��w = w(u, v)��§§Ù

¥u = x+ y, v = x− y, w = xy − z, �§�

∂2z

∂x2
+ 2

∂2z

∂x∂y
+
∂2z

∂y2
= 0.

) dw = xy − z�z = xy − w, u´k

∂z

∂x
= y − ∂w

∂x
= y − ∂w

∂u
· ∂u
∂x
− ∂w

∂v
· ∂v
∂x

= y − ∂w

∂u
− ∂w

∂v
,

∂z

∂y
= x− ∂w

∂y
= x− ∂w

∂u
· ∂u
∂y
− ∂w

∂v
· ∂v
∂y

= x− ∂w

∂u
+
∂w

∂v
.

?
��

∂2z

∂x2
= −

(
∂2w

∂u2
· ∂u
∂x

+
∂2w

∂u∂v
· ∂v
∂x

)
−
(
∂2w

∂u∂v
· ∂u
∂x

+
∂2w

∂v2
· ∂v
∂x

)
= −∂

2w

∂u2
− 2

∂2w

∂u∂v
− ∂2w

∂v2
,

∂2z

∂x∂y
= 1−

(
∂2w

∂u2
· ∂u
∂y

+
∂2w

∂u∂v
· ∂v
∂y

)
−
(
∂2w

∂u∂v
· ∂u
∂y

+
∂2w

∂v2
· ∂v
∂y

)
= 1− ∂2w

∂u2
+
∂2w

∂v2
,

∂2z

∂y2
= −

(
∂2w

∂u2
· ∂u
∂y

+
∂2w

∂u∂v
· ∂v
∂y

)
+

(
∂2w

∂u∂v
· ∂u
∂y

+
∂2w

∂v2
· ∂v
∂y

)
= −∂

2w

∂u2
+ 2

∂2w

∂u∂v
− ∂2w

∂v2
.

Ïd§�§
∂2z

∂x2
+ 2

∂2z

∂x∂y
+
∂2z

∂y2
= 0C��

−∂
2w

∂u2
− 2

∂2w

∂u∂v
− ∂2w

∂v2
+ 2− 2

∂2w

∂u2
+ 2

∂2w

∂v2
− ∂2w

∂u2
+ 2

∂2w

∂u∂v
− ∂2w

∂v2
= 0,

�nz{�
∂2w

∂u2
=

1

2
.
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� © l!(9©) �f(x, y)´[a, b] × [c, d]þ���¼ê§é?¿y0 ∈ [c, d], f(x, y0)3[a, b]ëY§

3(a, b)��§é?¿x0 ∈ (a, b), f ′x(x0, y)3[c, d]ëY§3(c, d)��. y²µ�3(ξ, η) ∈
(a, b)× (c, d), ¦�

f(a, c) + f(b, d)− f(a, d)− f(b, c) = (b− a)(d− c)f ′′xy(ξ, η).

y -g(x) = f(x, d) − f(x, c), Kg(x)3[a, b]ëY§3(a, b)��. d.�KF¥�½n��3ξ ∈ (a, b),
¦�g(b) − g(a) = g′(ξ)(b − a). Ï�f ′x(ξ, y)3[c, d]ëY§3(c, d)��§¤±d.�KF¥�½n��
3η ∈ (c, d), ¦�f ′x(ξ, d)− f ′x(ξ, c) = f ′′xy(ξ, η)(d− c). Ïd§

f(a, c) + f(b, d)− f(a, d)− f(b, c) = g(b)− g(a) = g′(ξ)(b− a)
= [f ′x(ξ, d)− f ′x(ξ, c)] (b− a) = (b− a)(d− c)f ′′xy(ξ, η).

� © Ê!(8©) �B =
{
X ∈ Rn

∣∣∣|X| < 1
}
, F : B → B´ëYN�§é?¿X ∈ B \ {O}, k|F (X)| <

|X|. ?¿�½X1 ∈ B, -Xk+1 = F (Xk), k = 1, 2, · · · . y²µ lim
k→∞

Xk = O.

y Ï�é?¿X ∈ B \ {O}, k|F (X)| < |X|, ¤±dü>Y½n� lim
X→O

|F (X)| = 0. qF : B → B´ëY

N�§�F (O) = lim
X→O

F (X) = O. e,�Xk = O, K�¡����O, l
 lim
k→∞

Xk = O. e¡�Xk 6= O,

k = 1, 2, · · · . Ï�|Xk+1| = |F (Xk)| < |Xk|, k = 1, 2, · · · , ¤±{|Xk|}î�4~. q{|Xk|}ke.0, �dü
NÂñ½n� lim

k→∞
|Xk|�3, Pr = lim

k→∞
|Xk|. dÅ��ì-��dA.dÚn�{Xk}kÂñ�fS�{Xkl},

PP = lim
l→∞

Xkl ∈ B, Kk

|P | =
∣∣∣ lim
l→∞

Xkl

∣∣∣ = lim
l→∞
|Xkl | = r = lim

l→∞
|Xkl+1| = lim

l→∞
|F (Xkl)| =

∣∣∣ lim
l→∞

F (Xkl)
∣∣∣ = |F (P )|.

Ïd§P = O, l
r = 0, � lim
k→∞

Xk = O.
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� ©

�!(5©) �¼êf(x)3(−∞,+∞)þëY§�é?Û¢êa, b, Ñkf(a) + f(b) >
∫ b

a

f 2(x)dx,

¦y: f(x)3(−∞,+∞)þð�u0.

y �b = a��f(x)3(−∞,+∞)þ�K. e¡ky²é?Û¢êa < b, Ñk

∫ b

a

f 2(x)dx 6 f(a). �y.

eØ,§K�3¢êαÚβ, α < β, ¦�

∫ β

α

f 2(t)dt > f(α). -F (x) =

∫ x

α

f 2(t)dt − f(α), KF (β) > 0.

dF (x)3[α,+∞)üO�é?Ûx > β, ÑkF (x) > 0. dK��é?Ûx > β, Ñkf(x) > F (x) > 0, u´é
?Ûx > β, ÑkF ′(x) = f 2(x) > F 2(x). Ïdé?Ûx > β, k∫ x

β

F ′(t)

F 2(t)
dt >

∫ x

β

dt,

l
��
1

F (β)
− 1

F (x)
> x− β,

�n�

F (x) >
1

β + 1
F (β)
− x

.

Px1 = β+ 1
F (β)

,-x→ x−1�4�§dþ¡�Ø�ª� lim
x→x−1

F (x) = +∞,�F (x)3(−∞,+∞)þëYgñ�

ùÒy²
é?Û¢êa < b, Ñk

∫ b

a

f 2(x)dx 6 f(a).

2^�y{y²f(x)3(−∞,+∞)þð�u0. eØ,§K�3¢êξ, ¦�f(ξ) > 0. df�ëY5��

3δ > 0,¦�f3(ξ−δ, ξ+δ)¥ð�u0. Pc = ξ+δ,-G(x) =

∫ c

x

f 2(t)dt,KG(ξ) > 0. dG(x)3(−∞, c]ü

~�é?Ûx 6 ξ, ÑkG(x) > 0. Ï�G(x) 6 f(x), ∀x < c, ¤±é?Ûx 6 ξ, ÑkG′(x) = −f 2(x) 6
−G2(x). Ïdé?Ûx < ξ, k ∫ ξ

x

G′(t)

G2(t)
dt 6 −

∫ ξ

x

dt,

l
��
1

G(x)
− 1

G(ξ)
6 x− ξ,

�n�

G(x) >
1

x− ξ + 1
G(ξ)

.

Px2 = ξ − 1
F (ξ)

, -x→ x+2�4�§dþ¡�Ø�ª� lim
x→x+2

G(x) = +∞, �G(x)3(−∞,+∞)þëYgñ�
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