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� © �!(15©) �u(x, y) = x ln(x+ r)− r, Ù¥r =
√
x2 + y2. ¦yµ

∂2u

∂x2
+
∂2u

∂y2
=

1

x+ r
.

y d�ê�oK$�{KÚóª{K§k

∂u

∂x
= ln(x+ r) + x · 1

x+ r
·
(

1 +
x

r

)
− x

r
= ln(x+ r),

∂u

∂y
= x · 1

x+ r
· y
r
− y

r
= − y

x+ r
.

?
��

∂2u

∂x2
=

1

x+ r
·
(

1 +
x

r

)
=

1

r
,

∂2u

∂y2
= −

(x+ r)− y · y
r

(x+ r)2
= − rx+ x2

r(x+ r)2
= − x

r(x+ r)
.

Ïd§k
∂2u

∂x2
+
∂2u

∂y2
=

1

r
− x

r(x+ r)
=

1

x+ r
.

�
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(1) �ä4� lim
(x,y)→(0,0)

sin(x3 + y3)

x2 + y2
´Ä�3, XJ�3¿¦Ù�.

(2) �¼êf(x)3[0, 1]ëY§¦4� lim
x→0+

x

∫ √x
x

f(t)

t2
dt.

) (1) 4� lim
(x,y)→(0,0)

sin(x3 + y3)

x2 + y2
�3. -x = r cos θ, y = r sin θ, Òk

0 6

∣∣∣∣sin(x3 + y3)

x2 + y2

∣∣∣∣ 6 |x3 + y3|
x2 + y2

=
r3| cos3 θ + sin3 θ|

r2
6 2r.

�(x, y)→ (0, 0)�§kr → 0+. Ïd§dü>Y½n� lim
(x,y)→(0,0)

sin(x3 + y3)

x2 + y2
= 0.

(2) -F (x) =

∫ 1

x

f(t)

t2
dt, x ∈ (0, 1], KF (x) = −

∫ x

1

f(t)

t2
dt, l
d�È©Ä�½n�

F ′(x) = −f(x)

x2
, ∀x ∈ (0, 1].

dâ7�{K�

lim
x→0+

x

∫ √x
x

f(t)

t2
dt

= lim
x→0+

x[F (x)− F (
√
x)]

= lim
x→0+

F (x)− F (
√
x)

1
x

= lim
x→0+

−f(x)
x2
−
(
−f(

√
x)

x
· 1

2
√
x

)
− 1
x2

= lim
x→0+

[
f(x)−

√
xf(
√
x)

2

]
= f(0)− 0

= f(0).
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� © n!(15©) �f(x) ∈ C2([0, π]), �f(0) = 3. ®�

∫ π

0

[f(x) + f ′′(x)] sinx dx = 10, ¦f(π).

) d©ÜÈ©{§� ∫ π

0

f(x) sinx dx

= (− cosx)f(x)

∣∣∣∣π
0

−
∫ π

0

(− cosx)f ′(x) dx

= f(π) + f(0) +

∫ π

0

f ′(x) cosx dx

= f(π) + 3 + sinx · f(x)

∣∣∣∣π
0

−
∫ π

0

sinx · f ′′(x) dx

= f(π) + 3−
∫ π

0

f ′′(x) sinx dx.

u´k ∫ π

0

[f(x) + f ′′(x)] sinx dx = f(π) + 3.

q®�

∫ π

0

[f(x) + f ′′(x)] sinx dx = 10, �f(π) + 3 = 10, )�f(π) = 7. �
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� © o!(15©) ¦¥Nx2 + y2 + z2 6 a2��Î¡x2 + y2 = ax (a > 0)¤�eÜ©áN�NÈ.

) Pf(x, y) =
√
a2 − x2 − y2, D =

{
(x, y)

∣∣x2 + y2 6 ax
}

, K¥Nx2 + y2 + z2 6 a2��Î¡x2 + y2 = ax
(a > 0)¤�eÜ©�áN�

Ω =
{

(x, y, z)
∣∣(x, y) ∈ D,−f(x, y) 6 z 6 f(x, y)

}
.

u´ÙNÈ�

VJ(Ω) =

∫
Ω

dxdydz =

∫∫
D

dxdy

∫ f(x,y)

−f(x,y)

dz = 2

∫∫
D

f(x, y) dxdy = 2

∫∫
D

√
a2 − x2 − y2 dxdy.

34�Ie§x2 + y2 6 axÒ´r 6 a cos θ, u´D�±L«�

D =
{

(r, θ)
∣∣− π

2
6 θ 6

π

2
, 0 6 r 6 a cos θ

}
.

Ïd§¤¦NÈ�

VJ(Ω) = 2

∫∫
D

√
a2 − x2 − y2 dxdy

= 2

∫ π
2

−π
2

dθ

∫ a cos θ

0

√
a2 − r2 rdr

= 2

∫ π
2

−π
2

(
−1

3
(a2 − r2)

3
2

) ∣∣∣∣a cos θ

0

dθ

= 2

∫ π
2

−π
2

1

3
(a3 − a3| sin θ|3)dθ

=
2

3
πa3 − 4

3
a3

∫ π
2

0

sin3 θdθ

=
2

3
πa3 − 4

3
a3

∫ π
2

0

(1− cos2 θ)d(− cos θ)

=
2

3
πa3 − 4

3
a3

∫ 1

0

(1− u2)du (u = cos θ)

=
2

3
πa3 − 4

3
a3

(
u− 1

3
u3

) ∣∣∣∣1
0

=
2

3
πa3 − 8

9
a3.
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(1) Û¼ê�3½n�±�y3=
:���S§d�§

2x2 + y2 + z2 + 2xy − 2x− 2y − 4z + 4 = 0

���/(½Û¼êz = z(x, y)?
(2) ¦Û¼êz = z(x, y)�4�.

) (1) -f(x, y, z) = 2x2 + y2 + z2 + 2xy− 2x− 2y− 4z+ 4, Kf ′z = 2z− 4. Ï�fÚf ′zÑëY§¤±dÛ¼
ê�3½n�§�f(x0, y0, z0) = 0�f ′z(x0, y0, z0) 6= 0�§3(x0, y0, z0)�����S§�§f(x, y, z) = 0�
��/(½Û¼êz = z(x, y). Ïd§Û¼ê�3½n�±�y3f(x0, y0, z0) = 0�z0 6= 2:(x0, y0, z0)��
���S§�§f(x, y, z) = 0���/(½Û¼êz = z(x, y).
(2) �§2x2 + y2 + z2 + 2xy − 2x− 2y − 4z + 4 = 0ü>éx¦�§�

4x+ 2z · z′x + 2y − 2− 4z′x = 0,

�§2x2 + y2 + z2 + 2xy − 2x− 2y − 4z + 4 = 0ü>éy¦�§�

2y + 2z · z′y + 2x− 2− 4z′y = 0.

d4��7�^��§3�.:?kz′x = z′y = 0. Ïd§�.:÷v�§|

{
4x+ 2y − 2 = 0,

2x+ 2y − 2 = 0.
)

�x = 0, y = 1, �Û¼êz = z(x, y)��.:�(0, 1). òx = 0, y = 1�\��§2x2 + y2 + z2 + 2xy − 2x−
2y − 4z + 4 = 0¥§�z2 − 4z + 3 = 0, )�z1 = 1, z2 = 3. e¡©O?Øz(0, 1) = 1Úz(0, 1) = 3��/.
(i) z(0, 1) = 1��/.

�§4x + 2z · z′x + 2y − 2 − 4z′x = 0ü>éx¦�§�4 + 2(z′x)
2 + 2z · z′′xx − 4z′′xx = 0, )�z′′xx =

(z′x)
2 + 2

2− z
.

�§4x + 2z · z′x + 2y − 2 − 4z′x = 0ü>éy¦�§�2z′yz
′
x + 2z · z′′xy + 2 − 4z′′xy = 0, )�z′′xy =

z′xz
′
y + 1

2− z
.

�§2y + 2z · z′y + 2x − 2 − 4z′y = 0ü>éy¦�§�2 + 2(z′y)
2 + 2z · z′′yy − 4z′′yy = 0, )�z′′yy =

(z′x)
2 + 1

2− z
.

dz(0, 1) = 1, z′x(0, 1) = z′y(0, 1) = 0�z′′xx(0, 1) = 2, z′′xy(0, 1) = 1, z′′yy(0, 1) = 1. Ïd§dçlÝ
Hz(0, 1) =(
2 1

1 1

)
> 0�1�Û¼êz = z(x, y)�4��.

(ii) z(0, 1) = 3��/.
dz(0, 1) = 3, z′x(0, 1) = z′y(0, 1) = 0�z′′xx(0, 1) = −2, z′′xy(0, 1) = −1, z′′yy(0, 1) = −1. Ïd§dçlÝ


Hz(0, 1) =

(
−2 −1

−1 −1

)
< 0�3�Û¼êz = z(x, y) �4��. �
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� © 8!(10©) �f : Rn → R���ëY��¼ê§é?¿X ∈ Rn, Hf (X) − InÑ´��½é¡Ý


§Ù¥Hf (X)´f3X�çlÝ
§In´n�ü Ý
. y²µf(X)3Rnþk���.

y é?¿X ∈ Rn, d�Vúª�

f(X) = f(O) + 〈∇f(O), X〉+
1

2
X ·Hf (θX) ·XT , 0 < θ < 1.

Ï�Hf (θX)− In´��½é¡Ý
§¤±X · [Hf (θX)− In] ·XT > 0. dd=�

X ·Hf (θX) ·XT > X ·XT = |X|2.

d�ÜØ�ª�|〈∇f(O), X〉| 6 |∇f(O)| · |X|, u´k

f(X) >
1

2
|X|2 − |∇f(O)| · |X|+ f(O).

dd=� lim
|X|→+∞

f(X) = +∞. Ïd§éM = |f(O)| + 1 > 0, �3K > 0, �|X| > K�§Òkf(X) >

M . PD =
{
X ∈ Rn

∣∣|X| 6 K
}

, KD´k.48. u´ëY¼êf3Dþ�����Ú���. �X0 ∈
D´f3Dþ������:§Kf(X0) 6 f(O) < M . Ï��|X| > K�§Òkf(X) > M , ¤±f(X0)Ò
´f(X)3Rnþ����. �
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