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� ©

�!(z¯10©§�30©) �f(x, y) =


x2 − 2y2√
x2 + 2y2

, x2 + y2 6= 0,

0, x2 + y2 = 0.

(1) ¼êf(x, y)3(0, 0):´ÄëYºy²\�(Ø.
(2) ¼êf(x, y)3(0, 0):´Ä��ºy²\�(Ø.

(3) �
→
l=(1,2), ¦���ê

∂f

∂
→
l
(0, 0).

) (1) ¼êf(x, y)3(0, 0):ëY. y²Xe. �x2 + y2 6= 0�§k

0 6

∣∣∣∣∣ x2 − 2y2√
x2 + 2y2

∣∣∣∣∣ 6√x2 + 2y2 6
√
2(x2 + y2).

u´dü>Y½n� lim
(x,y)→(0,0)

f(x, y) = 0. qf(0, 0) = 0, �dëY�½Â�¼êf(x, y)3(0, 0):ëY.

(2) ¼êf(x, y)3(0, 0):Ø��. y²Xe. Ï�

lim
x→0

f(x, 0)− f(0, 0)
x− 0

= lim
x→0

x2

|x|

x

Ø�3§¤±
∂f

∂x
(0, 0)Ø�3. Ïd¼êf(x, y)3(0, 0):Ø��.

(3)

∂f

∂
→
l
(0, 0) = lim

t→0+

f
(

t√
5
, 2t√

5

)
− f(0, 0)

t

= lim
t→0+

− 7t2

5
3t√
5

t

= − 7

3
√
5

= −7
√
5

15
.
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∫
lnx− 1

ln2 x
dx.

) ∫
lnx− 1

ln2 x
dx

=

∫
1

lnx
dx−

∫
1

ln2 x
dx

= x · 1

lnx
−
∫
x ·
(
− 1

ln2 x

)
· 1
x
dx−

∫
1

ln2 x
dx

=
x

lnx
+

∫
1

ln2 x
dx−

∫
1

ln2 x
dx

=
x

lnx
+ C,

Ù¥C´?¿~ê.

� © n!(12©) �x�d�§x2y + e2x + z = 03(0, 1,−1)�����S(½�y,z�Û¼ê§

¦
∂2x

∂z2
3(x, y, z) = (0, 1,−1)?��.

) �ªx2y + e2x + z = 0ü>éz¦ �§�

2xy
∂x

∂z
+ 2e2x

∂x

∂z
+ 1 = 0.

ò(x, y, z) = (0, 1,−1)�\§�2
∂x

∂z
(1,−1) + 1 = 0, �

∂x

∂z
(1,−1) = −1

2
. �ª2xy

∂x

∂z
+ 2e2x

∂x

∂z
+ 1 = 0ü>

éz¦ �§�

2y

(
∂x

∂z

)2

+ 2xy
∂2x

∂z2
+ 4e2x

(
∂x

∂z

)2

+ 2e2x
∂2x

∂z2
= 0.

ò(x, y, z) = (0, 1,−1)Ú∂x

∂z
(1,−1) = −1

2
�\§�

1

2
+ 1 + 2

∂2x

∂z2
(1,−1) = 0.

)�
∂2x

∂z2
(1,−1) = −3

4
.
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� © o!(12©) ¦¼êf(x, y, z) = x− 2y + 2z3k.4«�D =

{
(x, y, z) ∈ R3

∣∣x2 + y2 + z2 6 9
}
þ

��������.

) d∇f(x, y, z) = (1,−2, 2)�f(x, y, z)vkÃ^��.:. e¡5¦f(x, y, z)3D�>.þ��.�§=
3^�x2 + y2 + z2 = 9e��.�. -.�KF¼êL(x, y, z) = x− 2y+ 2z + λ(x2 + y2 + z2− 9), d.�K
F¦f{��§|: 

1 + 2λx = 0,

−2 + 2λy = 0,

2 + 2λz = 0,

x2 + y2 + z2 − 9 = 0.

dcn��§�x = − 1

2λ
, y =

1

λ
, z = −1

λ
. �\������§§�

1

4λ2
+

1

λ2
+

1

λ2
− 9 = 0.

)�λ = ±1

2
. eλ =

1

2
, K��^��.:(−1, 2,−2), �A�^��.�´−9; eλ = −1

2
, K��^��.

:(1,−2, 2), �A�^��.�´9.
duf(x, y, z)3k.4«�Dþ7k���Ú���, �§�½ö´3DS��.�, ½ö´3>.þ

��.�, ¤±f(x, y, z)3k.4«�Dþ����´9, ���´−9.
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Ê!(10©) �D =

{
(x, y) ∈ R2

∣∣∣∣∣
(
x2

9
+
y2

16

)2

6
x2 + y2

25

}
, ¦k.4«�D�¡È.

) �2Â4�IC�x = 3r cos θ, y = 4r sin θ, K
D(x, y)

D(r, θ)
= 12r,

(
x2

9
+
y2

16

)2

6
x2 + y2

25
z�

r4 6
9r2 cos2 θ + 16r2 sin2 θ

25
.

dd=�«�DC�

D′ =

{
(r, θ)

∣∣∣∣∣0 6 θ 6 2π, 0 6 r 6

√
9 cos2 θ + 16 sin2 θ

5

}
.

Ïd§k.4«�D�¡È�

A =

∫∫
D

dxdy

=

∫∫
D′

12rdrdθ

= 12

∫ 2π

0

dθ

∫ √
9 cos2 θ+16 sin2 θ

5

0

rdr

= 6

∫ 2π

0

9 cos2 θ + 16 sin2 θ

25
dθ

= 6

∫ 2π

0

25− 7 cos 2θ

50
dθ

= 6 · 1
2
· 2π − 0

= 6π.
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� © 8!(10©) �¼êf(x)3(−∞,+∞)þëY§é?¿¢êx, Ñk

∫ x

0

f(t)dt = xf(x). y

²µf(x)´~ê¼ê.

y -F (x) =

∫ x

0

f(t)dt, Kd�È©Ä�½n�é?¿¢êx, kF ′(x) = f(x). Ï�é?¿¢êx,

Ñk

∫ x

0

f(t)dt = xf(x), ¤±é?¿¢êx, ÑkF (x) = xF ′(x). u´�x 6= 0�§Òk

(
F (x)

x

)′
=

xF ′(x)− F (x)
x2

= 0. dd=�
F (x)

x
©O3(−∞, 0)Ú(0,+∞)þ´~ê¼ê§=�3~êC1ÚC2, ¦

�F (x) =

{
C1x, x < 0,

C2x, x > 0.
l
f(x) = F ′(x) =

{
C1, x < 0,

C2, x > 0.
qÏ�¼êf(x)3(−∞,+∞)þëY§¤

±C1 = f(0) = C2. Ïdf(x) ≡ f(0)´~ê¼ê.

� ©
Ô!(10©) y²µ lim

n→∞

∫ 1

0

x sin(sin(2πnx))dx = 0.

y d��È©{� ∫ 1

0

x sin(sin(2πnx))dx =
1

4π2n2

∫ 2πn

0

t sin(sin t)dt (t = 2πnx).

dÈ©�«m�\5�

∫ 2πn

0

t sin(sin t)dt =
n∑
k=1

∫ 2kπ

2(k−1)π
t sin(sin t)dt. d��È©{�

∫ 2kπ

2(k−1)π
t sin(sin t)dt =

∫ 2π

0

(u+ 2(k − 1)π) sin(sinu)du (t = u+ 2(k − 1)π)

=

∫ 2π

0

u sin(sinu)du+ 2(k − 1)π

∫ 2π

0

sin(sinu)du.

PI =

∫ 2π

0

sin(sinu)du,-u = 2π−v��§�I =

∫ 0

2π

sin(− sin v)(−dv) = −
∫ 2π

0

sin(sin v)dv = −I,�I = 0.

Ïdk
n∑
k=1

∫ 2kπ

2(k−1)π
t sin(sin t)dt = n

∫ 2π

0

u sin(sinu)du.

¤±

lim
n→∞

∫ 1

0

x sin(sin(2πnx))dx = lim
n→∞

1

4π2n2
· n
∫ 2π

0

u sin(sinu)du = 0.
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� © l!(6©) �f(x)´[0, 1]þ�þà¼ê§f(0) = 1. y²µ

1

3

∫ 1

0

f(x)dx− 1

2

∫ 1

0

xf(x)dx >
1

12
.

y 5¿�

∫ 1

0

(
1

3
− x

2

)
dx =

1

12
, �y�Ø�ª�du

∫ 1

0

(
1

3
− x

2

)
[f(x) − 1]dx > 0. df(x)´[0, 1]þ�

þà¼ê�
f(x)− f(0)

x
3(0, 1]4~. -k =

f
(
2
3

)
− f(0)
2
3

, K�x ∈
(
0,

2

3

]
�§k

f(x)− f(0)
x

> k; �x ∈[
2

3
, 1

]
�§k

f(x)− f(0)
x

6 k. -g(x) = kx+1, dþ¡�?ØÚf(0) = 1��x ∈
[
0,

2

3

]
�§kf(x) > g(x);

�x ∈
[
2

3
, 1

]
�§kf(x) 6 g(x). u´k∫ 1

0

(
1

3
− x

2

)
[f(x)− 1]dx >

∫ 1

0

(
1

3
− x

2

)
[g(x)− 1]dx =

∫ 1

0

(
1

3
− x

2

)
kxdx =

k

6
− k

6
= 0.

Ïd�y�Ø�ª¤á.

,y d��È©{�

1

3

∫ 1

0

f(x)dx =

∫ 1

0

t2f(t3)dt (x = t3),

1

2

∫ 1

0

xf(x)dx =

∫ 1

0

t3f(t2)dt (x = t2).

Ï�f(x)´[0, 1]þ�þà¼ê§¤±é?¿t ∈ [0, 1], ktf(t2) + (1 − t)f(0) 6 f(t3). qf(0) = 1, u´é?
¿t ∈ [0, 1], k

t2f(t3)− t3f(t2) > t2(1− t)f(0) = t2(1− t),
l
 ∫ 1

0

[t2f(t3)− t3f(t2)]dt >
∫ 1

0

t2(1− t)dt = 1

12
.

dÈ©��55�� ∫ 1

0

t2f(t3)dt−
∫ 1

0

t3f(t2)dt >
1

12
.

(Üþ¡��È©{�(J=�

1

3

∫ 1

0

f(x)dx− 1

2

∫ 1

0

xf(x)dx >
1

12
.
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