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注意事项：

1. 命题人：李磊
2. 回忆人：xzqbear
3. 考试限时：100分钟
4. 本次考试全英文命题.
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一、解答题

1.（15分）
Let 𝑆 be any non-empty set and 𝐸 be a Banach space over ℝ. Let 𝐶𝑏(𝑆, 𝐸) be the vector space of

bounded continuous functions from 𝑆 to 𝐸 with the norm

‖𝑓‖𝑏 = sup
𝑠∈𝑆

‖𝑓(𝑠)‖

. Show that 𝐶𝑏(𝑆, 𝐸) is a Banach space.

2.（15分）
Let 𝑀𝑛(ℝ) be the space of all ℝ𝑛×𝑛 matrix. Define ⟨𝐴, 𝐵⟩ = tr(𝐴T𝐵). Prove ⟨⋅, ⋅⟩ is an inner product

on 𝑀𝑛(ℝ).

3.（15分）
Let 1 ⩽ 𝑝 < ∞ and consider 𝑇 ∶ ℓ𝑝 → 𝐿𝑝[0, ∞) defined by

𝑇 (𝑥) =
∞

∑
𝑛=1

𝑥𝑛𝜒[𝑛−1,𝑛), ∀𝑥 ∈ (𝑥𝑛)𝑛∈ℕ ∈ ℓ𝑝.

Prove that ‖𝑇 𝑥‖ = ‖𝑥‖ for any 𝑥 ∈ ℓ𝑝 .

4.（15分）
Let 𝜑 ∶ [0, 1] → ℝ be a continuous function and 𝑇 ∶ 𝐿2[𝑎, 𝑏] → 𝐿2[0, 1] defined by

𝑇 𝑓(𝑥) = 𝜑(𝑥) ∫
1

0
𝜑(𝑡)𝑓(𝑡)d𝑡

Prove that 𝑇 is self-adjoint and positive.

5.（15分）
Consider 𝛺 as a 𝜎-finite measure space, and 𝑦 ∈ 𝐿∞(𝛺) . Define 𝑇 as a linear operator:

𝑇 𝑥(𝑡) = 𝑦(𝑡)𝑥(𝑡)

𝑥 ∈ 𝐿2(𝛺) and 𝑡 ∈ 𝛺 are arbitrary. Find adjoint operator 𝑇 ∗ .
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6.（15分）
Suppose𝐻 is a Hilbert space, prove that linear operator𝑇 on𝐻 is self-adjoint if and only if ⟨𝑇 𝑥, 𝑥⟩ ∈ ℝ.

7.（10分）
Let 𝑋 be a normed space, and (𝑥𝑛)𝑛∈ℕ 𝑋 with the property that

∞
∑
𝑛=1

|𝑥∗(𝑥𝑛)| < ∞, ∀ 𝑥∗ ∈ 𝑋∗.

Prove that

sup
‖𝑥∗‖⩽1

∞
∑
𝑛=1

|𝑥∗(𝑥𝑛)| < ∞.
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