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Pick and solve 9 of the first 10 questions. Show all work to receive full credits. Write your solutions in either
Chinese or English. Ü©�¬�Kc10�K¥����$©. )�����[. ¥=©��þ�.

� ©
�!(10©) Let N be a large integer, let P = (logN)B for some positive constant B, and let
Q = N/P . For integers a and q such that 1 ≤ q ≤ P , 1 ≤ a ≤ q, and (a, q) = 1, let M(q, a)
denote the interval |α − a/q| ≤ 1/Q. Here we are considering the real numbers modulo 1. Prove
that M(q, a) and M(q′, a′) are disjoint if a/q 6= a′/q′.
-N´������ê, é�½��~êB-P = (logN)B±9Q = N/P . é÷v1 ≤ q ≤ P ,
1 ≤ a ≤ q, (a, q) = 1���êaÚq, ½ÂM(q, a)�dØ�ª|α − a/q| ≤ 1/Q�Ñ��1�¿Âe
�«m. y²�a/q 6= a′/q′�ü�«mM(q, a)ÚM(q′, a′)Ø��.
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�!(10©) Does the Diophantine equation a3 + b4 = c5 have infinitely many solutions (a, b, c)
such that a, b, c ∈ Z≥1? Hint: consider the equation modulo primes.
¿�ã�§a3 + b4 = c5kÃ¡õ|��ê)í? J«: �ÄT�§��êp.
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n!(10©) Apply the Chinese Remainder Theorem to solve the linear Diophantine system
x ≡ 5 (mod 3),

x ≡ 18 (mod 5),

x ≡ 2022 (mod 7).

¦^¥I�{½n)¿�ã�§| 
x ≡ 5 (mod 3),

x ≡ 18 (mod 5),

x ≡ 2022 (mod 7).
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o!(10©) Let p be an odd prime. Let ζ be a given generator of the cyclic group F?
p. Let

G =
∑p−1

i=1

(
i
p

)
ζ i, where

(
i
p

)
is the Legendre symbol. Prove G2 =

(
−1
p

)
p.

-p���Û�ê. -ζ�¦{Ì�+F?
p����½�)¤�. -G =

∑p−1
i=1

(
i
p

)
ζ i, Ù¥

(
i
p

)
´V

4�ÎÒ. y²G2 =
(
−1
p

)
p.
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Ê!(10©) Alice publishes her public key (15, 7). (1) Compute Alice’s private key. (2) Suppose
that Bob wants to send the number 2 to Alice. Compute the ciphertext c he will send in the
open channel. (3) After receiving the ciphertext c, check that Alice is able to recover the original
message using her private key.
Alice�ú�´(15, 7). (1)O�Alice�h�. (2)Bob�rêi2u�Alice, ¦ATXÛ\�? (3)
Alice3Â�Bobu5�êi��XÛ¦^¨�h�?1)�?
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8!(10©) Prove that for c > 0 we have

1

2πi

∫ c+i∞

c−i∞

1

s
ds =

1

2
.

y²éc > 0·�k
1

2πi

∫ c+i∞

c−i∞

1

s
ds =

1

2
.
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Ô!(10©) Apply the prime number theorem to estimate
∑
p≤n

1

p
, find the main term in the asymp-

totic formula.

¦^�ê½n�OÚª
∑
p≤n

1

p
, �Ñì?úª¥�Ì�.
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l!(10©) Which elements are in the ring of integers of the field Q(
√
−13)?

�Q(
√
−13)��ê�ê��¹=
��?
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Ê!(10©) Let E : y2 = x3 − 36x be an elliptic curve over Q. What is (−3, 9) + (−3, 9) on E?
éQþ�ý�­�E : y2 = x3 − 36x, 3EþO�(−3, 9) + (−3, 9).

1 9 � � 10 �



Hm�Æ��)2021 - 2022Æc1�ÆÏ5êØ6Ï"�ÁÁò(Aò)

ú v «
� ©

�!(10©) Right or Wrong. �äK.

The number 1 is a prime.
êi1´���ê.

The number −2 is a prime.
êi−2´���ê.

The curve E : y2 = x3 is an elliptic curve over Q.
­�E : y2 = x3´��Qþ�ý�­�.

For any given Dirichlet character χ, the corresponding L-function L(s, χ) has trivial zeros
at −2, −4, −6, . . . .
)|�XA�¼êχéA�L-¼êL(s, χ)�²�":3Kóêþ.

For any given Dirichlet character χ, the non-trivial zeros of the corresponding L-function
L(s, χ) are symmetric with respect to the x axis.
)|�XA�¼êχéA�L-¼êL(s, χ)��²�":'ux¶é¡.

� ©
��!(10©) Feel free to make any suggestions and comments. �B�:å.
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