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Pick and solve 9 of the first 10 questions. Show all work to receive full credits. Write your solutions in either
Chinese or English. & 75 2> 2T 1008 P 10— M RAK>. S SRETEM. o sU/EZ .

3 77

—. (104}) Let N be a large integer, let P = (log N)? for some positive constant B, and let
() = N/P. For integers a and ¢ such that 1 < ¢ < P, 1 <a < ¢, and (a,q) = 1, let M(q,a)
denote the interval |a — a/q| < 1/Q. Here we are considering the real numbers modulo 1. Prove
that M (g, a) and M(¢', a’) are disjoint if a/q # da’ /¢

ANR—NKIIERE, A ENIERHBBAP = (log N)PLLEQ = N/P. 5l < ¢ < P,
1 <a<gq (a,q) = 1HIE¥EH g, & XM(q, a) NHEAENR|a —a/q| < 1/Q% ERIBEIE LT
X [E]. TEBH Xa/q # o /¢ B PIAN X TN (g, a) FI9N (¢, ') A AHZAL.
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—_. (104}) Does the Diophantine equation a® + b* = ¢ have infinitely many solutions (a, b, c)
such that a,b,c € Z>,? Hint: consider the equation modulo primes.

EF/EITHE® + bt = SHEF LA TEBERT? 3R % Ei%T R E .
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=, (1047) Apply the Chinese Remainder Theorem to solve the linear Diophantine system

r=5 (mod 3),
=18 (mod 5),
x=2022 (mod 7).

ik Y e L3 e B 25 A T R A

x=5 (mod 3),
x =18 (mod 5),
r=2022 (mod 7).
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VU, (1047) Let p be an odd prime. Let ¢ be a given generator of the cyclic group F5. Let

G = f;ll (%) ¢*, where (%) is the Legendre symbol. Prove G? = (%1) .

SpR—ANTERIL SCHTEIER BT — MUER R 4G = S0 (1) ¢ S (1))
AR EIG? = (1) p,
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T+ (1043) Alice publishes her public key (15,7). (1) Compute Alice’s private key. (2) Suppose
that Bob wants to send the number 2 to Alice. Compute the ciphertext ¢ he will send in the
open channel. (3) After receiving the ciphertext ¢, check that Alice is able to recover the original
message using her private key.

AlicefI A8 (15,7). (1) FAlice IR EH.  (2)BobAHIE A 72k 45 Alice, it N 1% Wil in#5? (3)
Alice EW 2 Bob A& K B8 2 Ja Uy 4 FH il B AL B HEAT At
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c—100

75~ (1043) Prove that for ¢ > 0 we have

HEEIXf e > 03RATTA

30
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‘. (1043) Apply the prime number theorem to estimate g —, find the main term in the asymp-

p<n

totic formula.

BEIFHOEI RIS . St AR 2

p<n
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J\. (1043) Which elements are in the ring of integers of the field Q(y/—13)?
HQ(v—13) FARBCEHCA L S kTR
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JLUs (1097) Let E : y* = 2® — 362 be an elliptic curve over Q. What is (—3,9) + (—3,9) on E?

WQ LRI MZLE : y* = 23 — 362, fEE LiH5(-3,9) + (—3,9).

a0l

\ = tangent

(axes not equally scaled)
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T+ (10%7) Right or Wrong. K%
The number 1 is a prime.
Hri—1aE
The number —2 is a prime.
v —22— P EE
The curve E : y?> = 22 is an elliptic curve over Q.
HMAKE : y* = a® % — QLA th 42,
For any given Dirichlet character y, the corresponding L-function L(s,x) has trivial zeros
at —2, —4, —6, ....
IR 58 B R AIE RO LR L-BRELL (s, ) HO-F ML R AE B3 b
For any given Dirichlet character x, the non-trivial zeros of the corresponding L-function
L(s, x) are symmetric with respect to the x axis.
IKA 50 B AR BRI B ) L-BRELL (s, x ) I AEF PLER i 8 T ol X #K.
E

+—. (1043) Feel free to make any suggestions and comments. BE{ES k.
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